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Let u be the unique solution of the Fredholm integral equation
it is assumed that x is sufficiently small, g and k are continuous and
The function $ is the solution of the integral equation Then the solution of the integral Equation (1) may be represented in the form
The demonstration is simple. Differentiate both sides of Equation (1) with respect to x to obtain (6) ux(l, x) = k(l, x)u(x, x) + f k(t, y)ux(y, x)dy.
Equation (6) is regarded as an integral equation for the function ux, having as its solution
Through integration this last equation becomes
For u(x, x) we may write (9) u(x, x) = g(.r) + I £(*, y)«(y, x)dy.
J o
By cross-multiplication of Equations (1) and (3), integration on I from £ = 0 to t = x and use of the symmetry of the kernel k, it is seen
Equation (9) The above formulas provide the solution of the integral Equation (1) in terms of the function <i> and two integrations.
The function f> is a function of two variables, and u is given for all 0Sigi<c, where c is the first critical length for the kernel k.
The resolvent K yields the solution of Equation (1) in the form (13) u(t, x) = g(t) + f K(t, y, x)g(y)dy, 0 ^ t ^ x.
The function K is known to be symmetric (14) Kit, y, x) = K(y, t, x), (15) K(t, y, x) = k(t, y)+ f kit, y')K(y', y, x)dy'.
Comparing Equation (15) with the earlier Equation (3) for <£, it is seen that (16) $(t, x) = Kit, x, x) = K(x, t, x).
Notice, however, that K is a function of three variables. By suppressing x, K may be regarded as a function of two variables. It yields u as a function of t for this fixed x, whereas $ yields u for all x^c.
As an application of our representation formula, let Krein [3] provides a representation formula for the solution of Equation (1) . His approach consists in letting s be the solution corresponding to the inhomogeneous term g(t) = l. If six, x)^0, then
In addition it is observed that There it is also shown that efficient methods exist for determining this basic function in a variety of cases; see also [11] .
